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7/1/1 The Life (or Mortality) Table 

 
It follows from the idea of a group of 

persons attaining age X and being gradually 
reduced in numbers, until they are all dead, by 
the operation of mortality in such a way that the 
rates of mortality at successive ages form a 
smooth series is a purely theoretical conception. 
It is, nevertheless, a very useful conception, 
which forms the basis of the theory of life 
contingencies and has been shown by long use 
to be suitable for solving most practical 
problems in life assurance and similar work. The 
fundamental function of the mortality table is a 
function known as Ix.  

 
This hypothetical function corresponds to 

the empirical sequence nx, which has been 
discussed above. It is a positive non-increasing 
function representing the number of lives who 
are expected to survive to age x out of Ix lives 
that attain age x, this being the youngest age for 
which Ix is tabulated. For theoretical purposes it 
is convenient to assume that Ix is a continuous 
function, having values for all x and not just 
integers and with unique finite differential 
coefficients to any required order at all points. 

 
Just as xx nn /  - is the observed rate of 

mortality at age x, so- xx ll /  is the rate of mortality 
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at age x assumed in the mortality table. The 
mortality assumption, on which the table is 
based, may take the form of an assumed rate of 
mortality for each integral age x.  

 

Since, given such a series of rates and a 
suitable arbitrary value of Ix, a column of Ix can 
be constructed for integral values of x. In fact, 
the Ix column in most mortality tables is 
constructed in this way. In this event, although Ix 

will be defined for integral ages only, we can 
assume that it exists for all values of x, integral 
and fractional. Sometimes Ix is defined by a 
mathematical formula, in which event we can 
obtain the rates of mortality by calculating 
numerical values of Ix for integral ages. In this 
case, Ix will be defined for all values of x. 

 

As described, Ix represents the number of 
lives who, according to the mortality table, are 
expected to survive to age x of Ix lives that attain 
age x.  

 

Since the mortality table can start at any 
age, Ix+t may be regarded as representing the 
number of lives who are expected to survive to 
age x+t out of lx lives aged x; both x and x+t not 
necessarily being integers.  

 

Although in the definition of the mortality 
table, nothing was said about the various 
characteristics of the individual hypothetical 
lives. The lx lives in the mortality table, like the nx 
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persons in the illustrative mortality 
investigation, are not necessarily to be regarded 
as all exactly identical from the point of view of 
the various characteristics, which influence 
mortality.  

 

Ix+t/Ix is a function, which expresses the 
mortality assumption in the form of the expected 
proportions surviving to each age and hence it 
gives the probability relations as applicable to 
random samples.  

 

The ratio Ix+t/Ix is the probability of survival 
to age x+1 in respect of an individual life aged x 
taken at random from an indefinitely large 
number of lives who are assumed to experience, 
as a whole, the mortality on which the table is 
based. It will be seen that 1-Ix+t/Ix is analogous to 
the ‘cumulative distribution function’ of 
probability theory. In dealing with problems in 
life contingencies, whenever we refer to a life 
aged x we imply unless a specific statement is 
made to the contrary, that a life taken at random 
is intended. 

 

If a random sample of m lives aged x is 
taken, the expected number surviving to age x+1 
is mIx+t/ Ix but the actual number is subject to 
random variations. For sufficiently large values 
of m these random variations are small relative 
to the expected number. Many of the functions 
developed in this book are similarly subject to 
random variations. Practical work usually 
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concerns group of lives, which may be regarded 
as random samples.  

 
These random variations are usually small 

in relation to the errors involved in the choice of 
a mortality table, to variations in mortality from 
year to year and to errors arising from 
deviations of actual rates of interest and 
expenses from those assumed. Accordingly they 
are usually ignored in practice, but the fact that 
they exist should not be overlooked and some 
examples are described in Chapter 11. 

 
A possible table Ix, which starts at age 0 and 

ceases at age 100 is shown in Table 1.1. 
 
We would then have the probability (rounded 

to four decimal places) of a member of the group 
at birth, taken at random, living to exact age 1 as 
0.9929 and to exact age 2 as 0.9912. If we wished 
to find the probability of a member aged exactly 
1 living to exact age 2 we would divide I2 by I1 
that is 9,911,725 by 9,929,200 to give 0.9982. 

 
It is important to remember that the figures 

in the Ix column have no meaning individually 
and are only meaningful when related to each 
other – thus the probability of a person living 
from exact age 20 to exact age 30 is I30/I20 = 
9,480,358/ 9,664,994 = .9809. While the table 
should strictly be interpreted only in this way 
this ratio is sometimes said verbally to be the  



'number alive at age 30' divided by the 'number
alive at age 20'.

Because the figures in the table have no
meaning except when divided by each other. All
the figures in a mortality table could be
multiplied by a factor and no change would be
made in the mortality represented. Thus Table
1.2a and b would apart from the rounding of
certain of the figures represent the same
mortality, the first being the previous table
multiplied by 1/100, and the second by Y2.

Table 1.1

<~I, Age x z Ix s
L",j) nS»>: v-- .l~ I

0 10,000.000
1 9,929.200
2 9,911.725
3 9,896.659

10 9,805.870

20 9,664.994

30 9,480.358

40 9,241.359

50 8,762.306

-
~
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__________________________________________ 

        Age x   lx 
__________________________________________ 

60      7,698.698 
:  

70      5,592.012 
 : 
80      2626.372 
 : 
90 468.174 
 : 
99                       6.415 

         100                           0 
_________________________________________  

 
While the table shown commences at age 0 

this is not necessary and, for example, a 
mortality table intended for use in life assurance 
offices to show the mortality of annuitants might 
commence at age 40. Normally the lx figure for 
the lowest age is taken as some convenient 
round number such as 1,000,000,999,999 or 
500,000- this is called the radix of the table. The 
first age at which the value of lx becomes 
negligible is called the limiting age and is 
denoted by , so that l   = 0- in the table above  
  =100. Some mortality tables are assumed to 
conform to a mathematical formula so that the lx 
column converges asymptotically to zero and 
never actually becomes 0. However, for practical 
purposes, a limiting age such as 100,105 or 110 
is assumed for all mortality tables. 
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Table 1.2a   Table 1.2b 
____________________ ____________________ 
X      lx    x        lx 
____________________ ____________________ 
0 100.000   0 5,000,000 
1   99.292   1 4,964,600 
:     : 
10   98.059   10 4,902,935 
:     : 
20   96.650   20 4,832,497 
:     : 

 ____________________  ____________________ 
 



7/1/2 International Actuarial Notations:

The cx ist iug intcrnnt ionu l act ua ria l notation was founded on the "Key to
the Notation" given in the lnstitute ofAct uaries Text Book, Pori If, Lire
Contingencies by Gcorgc King (I ~~7), and was adopted by the Second
l nterna tio na l Actuarial Congress, London, 1898 iTransactions, pp,
618-640) with minor revisions approved py the Third l ntcrna t io nal Con-
gress, P:lris. 1900 (TU/lIll/oioll,l, pp, Ci22-(lS I) Further revisions were
discussed during 1937-1939. a nd were introduced by the Institute a nd the
Faculty in 1949 (I/.A" 75,121 and TFA, 19,09), These revisions were
Iinu lly <Idupted in tc rnu t ionu lly <It tile lo urtccnt h l ntcrnatioual Act ua ria l
Congress, rv!adrid. 1954 (/3I1I/('fill oftlu: Permanent Commit t ee ofthe lnter-
nat ional COlIgrC',I',I' or ,Ict uuru:s (Il)tll))

The general principles on which the system is based are as follows:

To each fundamental symbolic letter-arc attached signs and letters each
having its own significa t io n.

The lower space to the le!'t is reserved 1'01' signs indicating the conditions
relative to the duration or the operations and to their position with regard
to t imc.

The lower space to t hc right is reserved 1'01' signs indicating the conditions
relative to ,lges and the order or succession or the events.

The upper space to the right is reserved [or signs indicating the periodi-
city or the events,

The upper space to the icft is tree. ,Ine! in it can be placed signs corres-
ponding to other notions,

In what f'ollows these two conventions (Ire used:

A letter enclosed in brackets, rhus (x). denotes 'a person aged x'.
A letter or number enclosed in (\ I'igilt angle, thus III or 151, denotes a

term-certain of' years,

Lile?1 fljlefLileOB
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FUNI),\MENT,\I. SYI-'IIlOI.IC I.ETTERS

/I/!!!/'(!S!

i= the effective rate of interest. n a m c ly , the t o t a l interest e arncd on I in ,I
year 011 the a ss umpt io n t h.u t hc a ct ual interest (if receivable otherwise
than yc.uly) is invested forthwith as it becomes due on the same terms as
the original principal.

v=(l +i)-I =the present value of I due a year hence.
d= I-v= tile discount 011 I clue a year hence.
(; = log,.( 1 + /)= -Ioge( I - cl) = the force of interest or the force of discount.

MOr/o//!y Tables

~~c
Q L~\::)

/= nUI11her living
d=lllllllhn dyi1lt..

P = proba bility of living.
q = proba bility of dying.
II = force of mortality.

m =central death rate.
a =present value of an annuity.
s=amount of an annuity.
e=expec(ation of life.
A = present value of an assurance.
E= present value of an endowment.
?='premillm per annum.}? generally refers (0 net premiums, IT to special
IT = premium pCI' annum. premiums.
V = policy value.
W = paid-lip policy.

The methods of using the foregoing principal letters and their precise
meaning when added to by suffixes, ctc., follow.

In!eres!

/(11I) = m{( 1+ /)1/11I- I} = the nominal rate of interest, convertible m times a
year.

(/iil={"I'{'~'1 ... -i-l'''=tilc vn luc ofn n u nnu ity-ccrtu in of I pcr a nnum Ior
11 years, the payments being made at the end of each year.

(i Ii1 = I -I- /' + {'~+ . . . -I- /i"' I= t h c va lu cor a si 111i ICl I' a 11 n 1Ii t y, the pay III cn ts
being made at the beginning of each year
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Sii]= 1+(1 +i)+(1 +/)"+
ccruun or I per a n n urn
end of each year .

.i:ii] = (I +/)+(1 +/)"+ +(1 +/)"=the amount of ,I similar annuity,
the payments being made at the beginning of each year.

+(1 +i),,-I =the amount 01" an annuity-
tor 11 ycars, t hc payments being made at the

The diaeresis or trerna above the letters (] and s is used as a symbol of
acceleration of payments.

M Or! a If l)' Fa b /cs

The ages o lt hc lives involved arc dcuo tcd by letters placed as suffixes in the
lower space to the right. Thus:

lr~ l,.=the number of persons who attain age x according to the mortality
table

.) d,=lr"'/" 1 =the number 01' persons who die between a gcs tv a n d .\'-1-1
lr' according t?the 1110rlalit~ table. 'no ofl. df'Atl.{. ~ J'.z",~.n\..¥
J px=the probability that (x) will live I year. ur~i 6:~IJvfl\ (/ts~'t-v.,l

v~~ q,=the probability th.u (v) will die within I yca['.(j..,---Ji c I-=-JIJtfo \ ~e,,-\.~ ~

, v-;. I dt, . ~\~ .', V \~ll J ,\(lt~~
.~·0JJlx=-!~~~/:=therorceoCmortality(\1(lgcx. tJv.?ub-\ U;'tfl ,,~

I7lx=the central death-rate [or the year ofage x to x+ I =d,. 0 i,.+(c/l.

~ ~~; ex = the curt ate 'cxpecta t io n or life' (or average after-lifetime) of (x).
(0\j\)

In the following it is always to be understood (unless otherwise
expressed) that the annual payment of a n annuity is 1, that the sum assured
in any case is I, and that the symbols indicate the present values:

C reU. <"';.J (Jx=an annuity, first payment at the end of Clyear, to continue during the
life oC ex).

(;'1....; >_.) ii,.= 1 -I-a., =an 'annuity-due' to continue during the lire or (x), the first
payment to be made at once.

Ax=an assurance payable at the end of the year or death of (x).

Note, e. :=.0." at rate of interest i =O.

A letter or number <It tile lo wcr Iert corner or the principal symbol
denotes the number or years involved in the probabliiy or benefit in
question. Thus:
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"jJ,=the probability that (x) will live 11 years.
"q,=the probability that (x) will die within 11 years.

No/C'. When 11= I it is CllSt0Il1:11'y to omit it, as shown on page 98,
provided 110 ambiguity is introduced.

"E,=u""p,= the value of an endowment on (x) payable at the end of n years
if (x) be then alive.

If the letter or number comes before Cl perpendicular bar it shows that <1

pcriod or deferment is mc.uu. Thus

,;Iq.,= the probability t ha t (x) will die in ~l year, deferred 11years; that is, that
(,-0\/V he will die in the (11+ I)th year.
. "I~,=an annuity on (x) deferrcd » years: that is, that the fir st payment is to
,. \ b I . <,,' '\ . -' , \) I J'G: . <r: c m:« c at the c n d of (11 ./. I) yc.us. ''-. ,,-....-:....J ,od "::-~-'"'?-' "'-'

,,1/(/' =;111 in u-rccpt cd \11' \kkrrl'd r c m po rn ry .i n u u i t y Oil (.\,) dcfc rrc d 11 yc.us
and, a lter that, to run [or I years.

A letter 01 number in brackets at the upper right corner of the principal
symbol shows the number of intervals into which the year is to be divided.
Thus:

(/~") =all annuity on (x) payable by III instalments of I/m each throughout
the year, the first payment being one of 1/177 at the end of the first
I/mth ora year.

ii~lII) =a similar annuity but the first payment of I/m is to be made at once,
so that

ii.~III)= I/nl + (/~,I).

A~III) =al1 assurance payable at the end or that fraction 1/111 of a year In
which (x) dies.

If 111-' co . then instead of writing (eo) a bar is placed over the principal
symbol. Thus:

iI=~1 COlltll1UUUS or mo mc nt ly a nuuit y.
X =;111 .issur.urcc p.iya blc .u t hc mo mc nr or dc.u h.

A small circle placed over the principal symbol shows that the benefit is
to be complete. Thus:
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li =a complete annuity,
(; = the complete c xpcct a t io n or Ilk

No{C', So me consider that (7would be <IS~Ippro priatc as (~,As (', = (/, <It rate
of interest 1=0. so also tile cornplcic expectation or li['c=n, <It ra tc or
interest 1=0,

When m o rc than o nc lire is involved the lo llo wing rules are observed:

1[' there .i rc two or more letters or numbers in a suffix without any
distinguishing mark, joint lives are intended, Thus:

NOlI!. When, [or the sake or distinctness, it is desired to separate letters or
numbers ill <lsuffix, a colon is placed between them. A colon is used instead
or a point or COJllJll:I to avoid confusion with decimals when numbers a re
involved.

(/"': =an n unu it y. 'irst payment at the end or a yca r, to co nt inuc d urinj; the
jo int lives or (v). Cl') a ud (r ).

A .vr; =an a ssuruncc payable at the end or the year or the railmc or the joint
lives (I), (I') :111(\(r ).

o,:;;)=an annuity lO continue during the joint dur.u ion oft hc lire 01'(,1') and
a icrrn or 11 years certain; that is, a temporary annuity [or n years on
the lire 01' (v).

A,:;;)=<ln <ISSlIr:lnee payu blc at the end or the yca r or dc.u h or (,I') ir he die
wit h in » years. or at the end or 11 years il' (x) be then alive: that is. an
endowment assurance for 11 years.

If a perpendicular bar separates the letters in the suffix, then the status
after the bar is to Collow the status before the bar. Thus:

ai" =a rcvcrs io nary annuity, that is, <In annuity on the lire or (v) after the
dc.u h nr (I'),

A:.",=:11l a ssuru ncc payable on tile failure or the joint lives (\,) and (y)
provided both these lives survive (r ).

11'a ho rizo ntu l bar a ppc.us above the suffix then survivors or tile lives,
and not joint lives, arc intended, The number 01' survivors can be denoted
by a letter or number over the right end of the bar. If that letter, say r, is not
distinguished by any mark, then tile meaning is of !COS{ r survivors: but if it
is enclosed ill square brackets, [r], then tile meaning is exactly r survivors. 1['
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no lcucr or number a ppca rs over the b.ir , then unity is supposed and the
meaning is (// /('(/.1'/ 011(' survivor. Tllus:

D.\y: =an annuity payable so long as at least o ne of the three lives (.r), (y)
and (r ) is a live

a\T~ =an a n n u it y payable so long ,IS at 1e;ISt two at" the three lives (.v). Cl')

. and (:) are alive.
fl!~.~=probabililY Ih;11 cx.ict ly IwO (ll' ihc three lives (\'), (I') ;IIHI (:') will

survive a year.
"qi'\'=probability that the survivor or the two lives (v) and (y) will die

within 1/ years = "C!.r x ''(/'"
"A,i'\' =an assurance payable at the end of the year of death of the survivor

of the lives (v) and (.1') provided the death occurs within 11 years.

When numerals are placed above or below the letters of the suffix, they
designate the order in which the lives are to fail. The numeral placed QV(!/'

the suffix points out the lire whose [a it ure will finally determine the event;
and the numerals placed under the suffix indicate the order in which the
other lives involved arc la fail. Thus:

A~T= Cln assu ra nee l1a ya hlc ;1I Ihe end 0 I' t he yea r 0 f dca th 0 f (x) iI' he dies
, first of the two lives (x) and (y),

A~,,:=an assurance payable .u t hc end of the year of death of'{v) ifhe dies
, second 01' the three lives (v), (I') and (z ).

A~T:=an .isxur.uicc p.i yu blc ;11 IIIC cud olthc year ofdeath nr(.\·) ilhc dies
'1 second of the three lives, (I') having died first.

An::=an assurance p.i yable at t hc end ofthe year of death of the survivor
.) of (x) and ( I') if' he dies before (.::)

A::Iil=an assurance payable at the end of ihe year of death of t.v) if he dies
within a term 01' 1/ yc.us.

O\':IX. I

or
=an annuity to (v) alter the failure of the survivor or (y) and (r),
provided (::) [ai ls before Cl').

No/e. Sometimes to ma k e quite clear that a joint-life status is involved a
syrnbol v- is placed above the lives included, Thus A~iil=a joint-life
temporary a ssura nce 011 (.\.) ;llld (y) .
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In the case of rcvcrsio nu ry annuities, distinction has sometimes to be
made between those where the times of year at which payments are to take
place are determined at the outset and those where the times depend on the
failure oft hc prcccd i ug si at us. Thus:

o'I,=annuity to C\') , first payment at the end of the year of the death of (.l')
. or on the avcrauc. about 6 months after his death., . ~

a,!,=annuity to V), first payment I year after the death of Iv).
brL,=col11plete annuity to (v), first payment I year after the death or(.J').

" N NU" L !' IZ t: M 1U i\\ s
The symbol P with the appropriate suffix or suffixes is used in simple cases,
where no m is u ndcrstu n d ing can OCClIr, to denote the a nnua l premium for a
benefit Th us:

P,= the annual premium for an assurance payable at the end of the year
ofdc.uh or (v).

P,:ii\=the annual premium for an endowment assurance on (x) payable
after 1/ yea rs or at the end of the yea r of death of (x) if he die within 11

years.
P~'I'= the annual premium for a contingent assurance payable at the end of

. the year of death of (v) if he die before (y),

III all rhcsc c.i scs it IS o pt io na l to use the sYI\1DoI J' in co njunct io n with the
principal symbol denoting the benefit. Thus instead of P,ii\ we may write
P(A':ii\). In the more complicated cases it is necessary to use the two
symbols in Ih is way. Suffixes, ctc., showing the conclit ions or the benefit a re
to be attached to the principal letter, and those showing the condition or
payment of ihe premium are 10 be attached to the subsidiary symbol P.
Thus:

"P(A,) = the annual premium payable Cor 11 years only for an assurance
paya ble at the moment of the death or (x).

P,y(A,) zz: the annual premium payable during the joint lives of (v) and
Cv) for an assurance payable at the end of the year of death of
(x).
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,,1-'(1110 v ) = t he a n n ua I prcm ium pa ya blc fo r 11yea rs 0 nly fa ran a I1I1U ity on
(\) deferred 11 years.

(]XIII)(A v :",) = the annual premium paya ble for r years only, by III instalments
throughout the year, for an endowment assurance for 11 years
on (x) (see below as to P(III»)_ -

Notes. (1) /\s a general rule the symbol P could be used without the
p rinc ipn l xym bo] in the case ota ssurn nccx where the xu m ;lsslIretl is pa yu blc
at the end or the year of death, but if it is payable at other times, or if the
benefit is an annuity, then-the principal symbol should be used.

(2) P~") A po int which was not brought out when the international
system was adopted is that there ,II-e two kinds of premiums payable 171

times a year, viz. those which cease on payment of the insta lmcnt immedi-
ately preceding death and those which continue to be payable to the end of
the year of death To distinguish the latter the m is sometimes enclosed in
square brackets, thus plllll.

I'()I.I(·'\' VAI \11:.') ANI) 1',\11)-111' I'()I.I(·II:S

{V,= the value of an ordinary whole-lire assurance on (x) which has been r
years in force, the premium then just due being unpaid.

{Wx=the paid-up policy the present value of which is (Vc_

The symbols Vand IV may, in simple cases, be used alone, but in the
more complicated cases it is necessary to insert the full symbol for the
benefit thus:

No te. AS;I general rule JI or ).oV Cl n be used as the main symbol if the sum
assured is payable at the end or the year of death and the premium is
payable pcriod ica lly throughout tile duration of t hc assura ncc. If the
premium is payable for Cl limited number of years, say n, the policy value
after' years could be written (V[IIF(/t)], or, if desired, '; V(If).

In investigations where modified premiums and policy values are in
question such modification may be denoted by adding accents to the
symbols. Thus, when (\ premium other t ha n the net premium (a valuation
premium) is used in a valuation it may be denoted by P' and the corres-
ponding policy value by V'. Similarly, the office (or commercial) premium
m;IY be denoted by I'" .uid the cOllespollllillg paid-up policy by W"_
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7/2 
Probabilities of  

Living and Dying-rate of Mortality 
 

Table 1.3 is an extract of a mortality table, 
which will be used to exemplify the notation 
used in this section. This introduces the symbol 
dx, which is the difference between successive 
lx figures. Thus 

dx=lx-lx+1, or  dx= -   lx. (1.3.1) 
 
In the convenient (but strictly incorrect) 

interpretation of the mortality table mentioned in 
the previous section dx represents the “number 
dying aged x last birthday”. 

Table1.3 
_____________________________ 

x     lx  dx 
_____________________________  

   40 80,935 455 
   41 80,480 481 
   42 79,999 511 
   43 79,488 546 
   44 78,942 585 
   45 78,357 626 
   :      :      :  
   50 74,794 844 
  _____________________________ 
 

Probability of death and survival can be 
obtained directly from lx and dx columns of the  



mortality table. The symbol (x) is used to denote
'a person aged, x', or 'a life aged x'.

The probability that (x)
x+1, is denoted by p., so

.J p = \, + I,
<....,r-- X

will survive to age

thus
I x

I." = 80.480
t; RO.9J5

2--\.;f- (1.3.2)
v-

= .9944.

The probability of a person age x dying
during the year, the rate of mortality, is given the
symbol qx, so

L..... c. .:»
,,-\ <r> ~- .z: _~_ zz: :.-:J
~---- 'C tr:
.:.r_c J

thus

qx= d, = ~= - 6lx (1.3.3)
t, \, Ix

q - d ·,11 - 455 - 005640--- -. .
I", 80,935

The probability of (x) living for a year plus
the probability of (x) dying within a year must
obviously be1, so

\ ::: 0~-i<.r~ Px+qx=1,or Px=1-qx, or qx=1-px. (1.3.4)

The probability that (x) will live for n years to
age x+n is given the symbol nPx;

N+Vt.:c .j r-: nPx= ~ (1.3.5)
"e v- t,

for example SP40=71U57 =.9681.
80,935

Another way of looking at nPxis to consider
it as the product of successive probabilities of
living each year

nPx =~ ~ /,'.1
t, lx,' Ix+1

Ix ~ 1/
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= . Px·Px+1·Px+2... Px+n-1. Jx·)( ,Lx j
I -. /'..J +v· \ + v-

The probability that (x) will die within n
years is given the symbol nqx;

"-7

fVt-l.r~U-'u-jr..J nqx= Ix-Ix+17 = -'- X+f-I dy=1-npx (1.3.6)
~ & ~

y=x

so Sq40=80,935-7i:),357 or 455+481+511+546+585or 1-.9681
RO~]5 SU9]5

all equalling.0319.

It can be seen that if no figure prefixes the
symbol p or q, 1 is assumed, i.e. 1Px= Px;1qx=qx.

The probability that (x) will live m years but
die in the following n years, or that (x) will die
between ages x+rn and x+rn+n is given the
symbol.

.~ . \ e-" I = lx + 111 - Ix +m + n = Ix +m lx +m - lx +m + 11 (1 3 7)
<r tv \ m nqx . . .
c _. r-' I- _ C > lx Ix Ix + 111

IV -t.(" . 'or \ Lr . J
-l <..,r-C = mPx' nqx+m' r -t- \.r~/V >< \.r~ r'

Thus I q - 143 - 145
32 40- ---

1<10
= 79,488 - 78.357

80 .9JS

1,131
RO,9:\5

=.0140.

When n=1 it
becomes

J . \,"+v-.;: ~ '\
\./ .

. v_c~ .J
\";-ir K v- \-'

may be omitted and the symbol

mlqx = d x + III = mPx.qx+m
I.

being the probability that (x) will die in a year,
deferred m years;
thus 21q42=~ = _58~_ = .0073.

209 111 79,999
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Mortality tables: 
 
It will be seen that a mortality table is 

defined either by the lx or qx (or px) columns. If 
the qx figures are given, the lx column will be 
obtained by choosing a suitable radix (10) and 
successively obtaining the dx and lx figures:- 

d0=l0.q0 
l1=l0-d0 
d1=l1.q1 and generally 
dx=lx.qx 
lx+1=lx-dx. 

 
The radix is arbitrary and is chosen so that a 

suitable degree of accuracy is obtained when 
the lx figures are divided. Apart from this point 
the absolute value of an individual value of lx is 
of no consequence. There is no reason why the 
value of lx should not be recorded in decimals 
and this is sometimes done at the high ages of a 
table in order to obtain a smoother run of 
figures. 

 
The examples in this book will normally use 

the tables in appendix III- The English Life Table 
No. 12- Males, the A1967-70 Table for Assured 
Lives and the A (55) tables for Annuitants. 

 
The English Life Table No. 12-Males is 

constructed from the mortality rates experienced 
by the male population in England in the years 
1960, 1961 and 1962. The A1967-70 table is 
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based on the experience within these years of 
lives assured of United Kingdom life assurance 
companies (and has the unusual radix of 34,489 
decided so that value of the largest function 
calculated did not exceed the capacity of the 
computer). The a (55) tables give the rates of 
mortality separately for males and females, 
based on the mortality experience of annuitants 
of United Kingdom life offices in 1946 to 1948, 
but projected into the future so that estimated 
rates were obtained thought to be applicable for 
annuities purchased in 1955. 

 
Mortality rates have been tending to 

decrease at most ages and in most countries of 
the world for more than a hundred years and 
published tables thus gradually cease to 
represent the experienced mortality. The English 
Life Tables are published at ten-year intervals, 
being based on the ten-yearly population 
census, while the assurance and annuitant 
tables are published at longer intervals. It might 
be thought that tables would become out of date 
quickly but is common practice to adjust 
published tables, the most usual method being 
to deduct (or perhaps add) a certain number of 
years to the actual age before entering the table. 
One example of this is the common deduction of 
about four years from the age of a female 
policyholder in calculating the premiums for a 
life assurance policy, the published premium 
rates having been based on male mortality. 
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Example 1.1: 
Using the mortality table given in section 

1.2, find the probability of a person aged 30, 
(i) surviving to age40 
(ii) dying before age40 
(iii) dying between the ages of 60 and 80. 

 
Solution: 

(i) 10p30=   
30

40

l

l
 =

9,480,358

 9,241,359  = 9748 

(ii)   10q30 =
30

4030

l

ll    = 
358,480,9

999,238 =  .0252 or, 

        10q30 = 1 - 10p30 = 1-.9748=.0252 
(iii)  30l20q30 

30

8060

l

ll  == 
358,480,9

326,072,5  = .5350. 

   
Example 1.2: 

If a mortality table is represented by the 

function lx =1000 x100  

find  (i) the probability of a life surviving 
from birth to age 19 

)ii) the probability of a life aged 36 
dying before age 51. 

 
Solution: 

(i) 19po
0

19

l

l

10

9 =
100000,1

19-100   1,000 = =   .9 

(ii) 15q36 =
36

5336

l

ll  = 
64000,1

49000,164000,1 

8

1 =  = .125. 

 
Example 1.3: 

Complete Table 1.4a. 
 



Table 1.4a

xq, Ix dx

90 1/3 3.000
91 2/3

92 1/2

93 2/3

94 4/5
95 1

Solution:
d90 = Q90. 190 = 1/3 (3,000) = 1,000

•• 191 = 2,000
d91 = Q91.191= 2/3(2,000) = 800

.'. 192 = 1,200
and proceeding similarly we obtain Table 1.4b

Table 1.4b

x Qx Ix r-r dx -if" v- '-J v---'L.. v- -
90 X 3.000 1,000
91 Y 2.000 800
92 X 1,200 600
93 ;S 600 400

94 4/ 200 160
:)

95 1 40 40
96 0

213
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Example 1.4: 
Prove that  mlnqx=mpx-m+npx 

Solution: 
   mlnqx=lx +m- lx+m+n 
        lx 

   
x

n+m+xm+x 

l

l  - l    =      

   
lx

nmlx

lx

mxl 
   =       

                =mpx -  m+npx. 
 

Example 1.5: 
A life aged 50 is subject to the mortality of 

the English Life Table No.12-Males, for 10 years, 
then the a (55) Male table, for 20 years, then the 
A 1967-70 table with a deduction of 2 years for 
the remainder of life. Find the probability that the 
life lives to age 90. 

 
Solution : 

In this type of question the probabilities in 
the age ranges should be kept separate so that lx 
figures on one mortality table are always divided 
by a figure from the same table. Thus the 
required probability 
 ={probability of living}  .  {probability of living} 

   {    for 10 years       }     {for further 20 years}     
          . {probability of living}    

       {for further 10 years}  

=(10p50on ELT No.12-Males).(20p60on a (55)-Males)           
    . (10p78 on A 1967-70) 

=
14965,5  

4012,83 
.

  859,916    

363,991 
.

    90,085

78,924  = .0994. 
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Note. The figures are taken from the lx 
column of the tables.  

 

Exercise 1.1: 
Using the A 1967- 70 table, find the values of 

20p40, 30q25, 20l15q42 . 
 

Exercise 1.2: 
Using the same mortality as stated in 

example 1.5 above, find the probability that the 
life aged 50 dies between the ages of 70 and 85. 

 

Exercise 1.3: 
A man aged 56 is subject to the mortality of 

the English Life Table No. 12- Males, and his 
brother aged 60 is subject to the mortality of the 
a (55), Males table. Who is more likely to survive 
10 years? 

 

The graph of lx  

 

So far consideration has been given mainly 
to exact integral ages- this being the method by 
which tables are usually tabulated. If the 
interpretation of the mortality tables as being 
based on a certain number of lives at an earlier 
age is considered it might be thought that lx 
would be a discontinuous function decreasing 
by 1 each time one of the lives died during the 
year. However, this “number alive“ interpretation 

is only a useful shorthand- the lx figures are as 
previously discussed only meaningful when 
divided by each other to give probabilities, and  



considered in this way it will be obvious that l, is
a continuous function of x, as has already been
mentioned in section 1.2.

Actual determination of t, at fractional ages
when required will mainly be done by some form
of interpolation except perhaps where the
mortality table is known to have been based on a
mathematical expression. The graph of Ix
according to the English Life Table No 12- Males
is shown in figure 1.1. The general shape of the
curve should be noted as well as the obvious
fact that l, is always decreasing. In most tables l,
falls steeply at the infantile ages, and there are
at least two points of inflexion.

In the symbol (x) for a life aged exactly x, x
may thus not necessarily be an integer.

100.000

50.000 -

~O.ooo -

uo.ooo .

70.000 -

GO.OOO ..

~O.OO() -

30.000 -

20,000 -

10.000 -

10 20 30 40 50 60 70 ao 90 100110
Age x

FIGURE 1.1 Graph of {,-English Life Table No. 12-Malcs.
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7/3
The Force of Mortality

As l; is a continuous function it can be differentiated and the ratio
that the rate of decrease of l, at age x bears to the value of Ix at that
age is called the force of mortality at age x and is represented by the
symbol f.lx.

I cll\

i, d x
cl
---- log" l:
dx

or (1.6.1)

(1.6.2)

This is :1 measure or the mortality at the precise moment or

attaining age x expressed in the form or an annual rate. The negative
sign is introduced so that f.lx will be positive, Ix being a decreasing
function. The differential coefficient is divided by l; because as we
have seen the absolute magnitude or the Ix figure is arbitrary and
depends 011 the radix or the table, and by dividing by l\. we obtain a
figure which is independent or the radix.

Rewriting Iormu la (1.6.1)

~~ = -I I
I .t x( x

(1.6.3)

and integrating over the range Cf. to the limiting age or the table,
x being written as Cf.-I-t

f
"'-~ .u fro-a

~ (It = I I- 0 a+rPa+t( I
o cll

i.c. [I ]w-a=
a + ( 0

and as I", =cc 0
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As Ix = 0 for all x>cv, co is often substituted for (V-a in such
integrals, and writing x for a we obtain

(1.6.4)

If the limits of integration above had been taken as 0 and Iwe would
have obtained

[i:x+rJ6 = - f I la +,Pa+,d1. ()

i., I -la = - fa' la 1111a+I<l1

and as Id t -la ~ - da, WC obtain (writing x for IX)

cl, = Lt IdlVd1dl. (l.6.5)

Integrating formula (1.6.2) from age Cl. to Cl. +n again writing ex: + t for
x,

fn fn cl
J1a+tdt = - -- lo a I + dto 0 cl ( ~e a t

- [logc lalJ~

-(Iogc /a+n-Iogc la)

r.e,

l I".'. _a+n = e-. 0 Jla:+tdt

la

and writing x instead of IX.

and / = I e - f" Pedex 0 0 .

(1.6.6)

(1.6.7)
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Formula (l.o.G) bear's an obvious and important similarity to the
compound interest formula:

. Prcsen l val ue or 1 due 11 years hence = e - t' J,rlr, where !5r is the
varying force of interest; thus the force of mortality is analogous to
the force of interest.

The probability nqx can then be expressed

[1 =l-e-S "x"dr
11 1x o. ( 1.6.13)

An alt crnu t ivc formula can be derived by integrating formula
(1.6.3) from age ex to 0:+/1 when x is rewritten a+t

•• [J.+n-[a = - L la+r/La+rdt

and rewriting x for 0: and dividing by l"

le -- le' + 11 = ·I·~." fa" . d/lqx == ----. Ix+rJlx+t tt, (1.6.9)

,,fIx = t rPxlldrdt.

t, = fa! rPx{ix+rdl.

This Io rm of expression is particularly useful when extended to
multiple life functions, and can be roughly described as 'keep the life
alive until duration t; kill him off at that instant; then add (i.e.
integrate) these probabilities over the required time range'.
Thus the probability nirllqx may similarly be expressed

(1.6.10)or

When JJ = 1, (1.6.11)

lIimiJx = JIf +m rPxllx+rdt.If
The graph of the function Il./, is called the curve of deaths, An

example is given in Figure 1.2 using the same table of mortality as
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'<
::L
'< 2000

o L:::::"'.+· -:::_::::~:::::J=-=-==:CI ===_.L[ _----'[ ~ __ L_._._ ...L __ ..._I.. ... -.- .-~
SO LiO /0 eo ~O 100 110

Age x

FIGURE 1.2. Graph of Ixpx-English Life Table No. 12-Males.

lU :20 30 40

was used to demonstrate the graph of I" The maximum and minimum
points or the curve will correspond with the points or inflexion on the

dl cfl dCI 't )curve of f as _x = -I f.1. so that __ x = 0 when xr:x = 0:C' x xC.., .
dx dx' dx

It will be found from an examination of mortality tables that at

some parts of" the table q.,>jl., ;ll1d at others q.\<jl.,. Frorn formula
(1.6.9)

If 'x+t!l.dI is increasing, 1/7x will exceed the value at the start of the
interval i.e. IrJ1x; so that q;» Px if" the graph at" Ixf.1.x is increasing.

Considering the graph or I" as - ~/!~= 1,J.1..\ it follows that if Ixf.1.x is
( x

. . cl!. d . 1 . 1 d i f 1 hIncreasing .--., IS ecreasing, ( rat IS t le gra lent 0 t le tangent to t e
lis

curve is decreasing and the curve of Ix is concave to the x-axis as
demonstrated In Figure 1.3.

life71 llife/Life08
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So if the curve of I, is concave to the .v-ax is tt. > f/." and if l; is
C.l)IIVC\ t o tll~' X-:I.\IS '/x<llc

Thus JI., :1I1d Cfx will be most nca rly equal when I" is most nearly a
linear function of x, i.c. near the point of inflexion and will differ
most widely where the curvature of Ix is greatest.

N d i; I ' 11/-1,ow 'Ill;!y ')e expressed :IS 11111_c_,, " ,', so
d x "-'0 h

I I' 'x+,,-l, I' 'x-l,+".• - Im = 1111 --_ ...
l, ,,-,0 h I, - 0 h l,

lim "q"
"-·0 h

and as "qx may be regarded as the annual rate of mortality based
h

upon the mortality in the interval x to x+li, we see more clearly the
statement at the beginning of this section describing {Lx as a nominal
annual rate of mortality based on the mortality at the instant of
attaining age x.

While by definition qx cannot exceed I, as jLx is an instantaneous
rate it may exceed I and normally will do so at the beginning and end
of a mortality table, Mortality is high in the period immediately
l'o l lo xvi n j; b i rt h .u u l lo r cx.un plc ill t hc lil'sl ho u r a lt c r birth

__ 1__ . q will considerably exceed -. I so that the ratio
(24)(365) () (24)(365)

I!~(J (Where h (24)~J65) or J hour) approximating to f.Lx will be

>1.

In the last year of the mortality table the rate of mortality is 1 for
all x> eo- I, that is eo- x < 1,

> 1, so that J1x> 1.
cv-x 0) - X
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Agex

b

-c -, -, -, ,,-, ,-,,,-, ,
\

Age x

[-'IGUIU' 1.1. (u) Graph 01' I, COI1ClVC (0 .v-ax is. Cb) Graph 01' Ix convex to
x-axis.

Example 1.6

Find t, if 11.,
lOO-x

Solution

Using formula (1.6.7) t. = loc- S: I"dl, where 10 IS the arbitrary
radix.

222
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Jx 1

I = I e - 0150=-1 <11
x O·

= IO·elIOgeCIOO-t)l~

= [0·eIOg.C100-X)-log.100

100 -:»:
I .--.--.--= 10.coG• lOO

= 10' 100 -.::
100

= k(lOO - X), where k. is arbitrary.

Example 1.7
Find the dilTerential coefficient of ,Px with respect to t and x.

Solution
'x+,,Px = ---

Ix

loge CrpJ = leg, t, -lot -Iog~ in

and differentiating with respect to l

1 dId
- - CPx) = - .- (/x+J = -J..LX+I

IPX dt 1'<+1 dt

(1.6.12)

Differentiating with respect to x instead of l

Id Id ld
- - CV') = -- - ([.d-') - - - (/x) = - Vd' + fix
,Px d x t +, d x l, d x

d.'. - CpJ = ,P/f1x - p\+')'d);.· .. . (1.6.13)

These two formulae are wort h remembering.

Example 1.8
A life is subject to a constant force 01" mortality of ,039221. Find

the probability

(a) That he will live 10 years
Cb) That he will die within 15 years.
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Solution

(a) 10Px = (:-S~U (.O}<)221)d', and as ·039221 is (5 at 4% interest

=v10at4%

= ·6756

( b) 1 5 p, s i III iI a r I y is u 1 5 ;1 t (1% = .55 5 3

I ~(I, -_. I -- 'is)'> == "1447.

Exercise lA
Show by integrating formula (1.610) using the result (1.6.12) that

,//x = 1- ,,/l.,.

Exercise 1.5
A life aged :')0 is subject to a constant force of mortality of '048790.

Fine! the probability that he will die between the ages of 70 and 80.

1.7 l':.~tiJlI;lli()1l of I'.,' Iro iu the uru rt a l i t y table

When l ; is tabulated and any underlying mathematical formula is
not known, values of J1x can be found only approximately, the for-
mulae demonstrated below being the most useful.

From formula (1.6.6)

fol Ji.d ,d I = - logo Px, (1.7.1 )

sometimes expressed as
= colog; P."

where 'co lo g ' is written for '-log'. The integral represents thc mean
value of Ilx!, between x and x+ 1 and if it i'; assumed that this
n pprox una tc-. t o 11, I \ wc 11:1\'C

}.LX·IT = -log" Px (1.7.2)

the approximation being closest where J-i.x+, does not differ much
from a linear function in the range.

/vlt c rnnt ivcl y laking the value or 2I'x-l,

IJ == ,,-S~ 1' .•.- I cdt
2 x-l L J
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so tha t IlJ1x+rdt= -!ogC(P.,-l·P)
-1

and if the integral is considered as approximately equal to 2J1x we get

2px'=: -(lOgcPx-l+!OgcpJ

(1.7.3)

Another method of approach is to assume that Ix follows a mathe-
matical form, normally a polynomial, and use the Taylor expansion

to obtain cl. value of dlx (or l~) which can be used in the basic formula
dx

1 cl t;
li, = - - --

t, d x
For example, assuming a function of the second degree,

I I 11' h 2 I", + I, = x + 1 ,'1- .---- c- - 21-

and

Subtracting

1= - (dx-1 +dJ-
2l,

A further method is to use the relationship between the differential
and difference operator-that is

/12 /13
D = log (1 + /1) = /1- - + - - ...

2 3

(1-7.4)

so that

l.e _ ( 1.7.5)

This formula might be thought to enable the value of Po to be found
whereas the other formulae are not applicable 1_ 1 having no mean-
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ing. However, in actual experience !Lx varies rapidly as x increases
from 0 to I and it is rarely possible to find a satisfactory value for flo
if the only information available is the values of Ix at integral ages.

Example 1.9
Find an expression for Jlx assuming that Ix is a 4th degree poly-

nomial.

Solution
Using the Taylor expansion

I I = I +hl; + 112 Z"+ h
3
.z",+ 114 v:

x+L x x 2! x 3! x 4! x'

lx- 2 =.ix - 21~+2i; - 4i;' + !i~v
I -[ _['+J["_J./"'+.....L[iv
x-I - x x 1: x ux 24 x

(l)

(2)

(3)

(4)

I - I + /' +.1/" +J./'" +_L/ivx+l - x x 2 x o x 24 x

We wish to eliminate all the derivatives except l:.
formula (4) Cram (1), and (3) from (2) gives

Subtracting

(5)

(6)i.~-l-ix+l = -(21~+tl;).
Multiplying formula (6) by 8 and subtracting from (5) gives

(Ix -2-[X+2)-8(1x-l-[X+l) = -41~+161~ = 121~

l~ . I ((I ) (It., = - - =; - -?- x-2-lx+2 -8 1.-c-l-!x+I»/., ru,

1
= --(8(lx-I-Ix+l)-(lx-2-Ix+2»

121."<

1 .
or 121 (7(dx-1 +dx):-(d."<-2+dxtl))

x

(1.7.6)

Example 1.10
Find a value for ~t90 on the AI967-70 table by Iour difle re nt

formulae.
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Solution

Formula (1.7.3) gives 1190 '==; -1(loge PS9 + leg, P90)

= -1(log, '79896+loge ,78349)

= -1( - ·22443 - '24400)
= ,23422.

Formula (1.7.4) gives 1190 '==; _1_ (d89 + d90)
2190

656·37 + 564·78=
2(2608'53)

= ,23407.

Formula (1.7.5) requires a table of the differences of dx thus:

x dx 6.d.,( 6.2d 6.Jdx 6.4d
x x

90 564·78
- 88·97

91 475·81 5·02
-83·95 2·06

92 391·86 7·08 -0,55
-76,87 1·51

93 314·99 8·59
- 68·28

94 246·71

J190 '==; 1 (564·78-1( -88·97)+1(5·02)-t(2.06)+J( -0'55) ... )
2608·53

1 .
= .._ .._. (564·78+44-48+1·67-0'52-0'11)

2608·53

610· 30
---"-

2608·53

= ,23396.

Formula (1.7.6) gives 1190 ~ 7(ds9+d90)-(dss+d9')
12190

= 7(656'37 + 564'78) -(747'93 +475'81)
12(2608' 53)

= ,23399.

The tabulated value is. ,23398.
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Exercise 1.6
Use two approximate formulae to find values of Jl80 according to

the 0(55) Male table and compare them with the tabulated value.

Exercise 1.7
If 'x = I OOJToo-':'" x find 1184 exactly and by using an approximate

method.
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7/4 
Ultimate and Aggregate 

Mortality Tables 
 
 

Select, ultimate and aggregate mortality 
tables  

 
So far consideration has been given to 

tables where the rates of mortality depend on 
the age of a member of the group concerned, the 
group perhaps being the population of a 
country, the class of assured lives or the class 
of annuitant lives. Where attention is paid also to 
the duration for which a member has been within 
the group the table is called a ‘Select’ table. 
Such a table in the case of a population table 
might thus take account specially of mortality of 
immigrant lives, but the more common use is 
with assured lives and annuitants’ tables where 
it is reasonable to assume that the lives 
concerned have been ‘selected’, and are likely to 
experience lighter mortality than the group as a 
whole at the same age-the assured lives 
because of the medical evidence obtained 
before a life assurance office accepts a 
proposal, and the annuitant lives because a 
person who is ill is unlikely to purchase an 
annuity (this is known as self-selection, being 
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exercised by the lives themselves). While normally 
select mortality is lighter than ordinary it is 
possible for the mortality to be heavier, for 
example, the mortality of ill-health retrials from 
pension schemes is likely to be particularly 
heavy for the first few years after retrial, in which 
case it may be referred to as reversed or 
negative selection. 
 

A mortality table in which no regard is paid 
to  period  of membership in the group, such as 
a population  table, is called an ‘aggregate’ table. 

 
While some mortality investigations have 

indicated that the effect of selection may 
continue indefinitely implying that a different 
table will be required for each entry age it is 
nowadays common practice to use a short 
‘select’ period of one or two years. The A1967-70 
and a (55) tables have select periods of two and 
one years respectively. The implication of a 
select period of two years is that one mortality 
rate is used at each age for all those who have 
been in the group for at least two years. This 
part of the table is referred to as an ‘ultimate’ 
mortality table and the normal lx and other 
symbols are used. For the functions in the select 
part of a select and ultimate table square 
brackets are used, thus q(x) is the rate of 
mortality for a life aged exactly x who has just 
joined the group. If the select period is longer 
than one year further symbols are required and 
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the rate of mortality for a life aged x+l who 
joined the group one year ago is q(x)+1, and 
similarly the rate of mortality for a life aged x+r 
who joined the group r years ago is q(x)+r unless 
the select period is less than r years when the 
brackets can be omitted . 
 

The lx columns of a select and ultimate table 
are set out as shown in table 1.5 extracted from 
the A1967-70 table (taking the figures to one 
decimal place rather than three as published). The 
figures in heavy type show the table as it relates 
to a life entering at age 52- the figures are 
considered on the horizontal line until the 
ultimate part of the table is reached when the 
figures then continue downwards. Except in the 
right- hand column of l’s (the ultimate column) 
figures should never be related in the same 
vertical column. Tables set out in a similar way 
are used for the other mortality functions such 
as d(x),p(x),q(x),u(x), when the select period is one 
year as in a (55) the values for (x) and (x) may 
however be put on the same line. 

Table1.5 
_________________________________________________  

Age(x)    l(x)         l(x)+1     lx+2        Age x+2 

50 32,558.00 32,464.80 32,338.60 552 

51 32,383.80 32,282.00 32,143.50 53 

52 32,188.70 32,078.00 31,926.40 54 

53 31,970.90 31,850.60 31,685.20 55 

54 31,728.20 31,597.90 31,417.70 56 

55 31,458.30 31,317.60 31,121.80 57 
________________________________________________  
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A graph of some of the values of q(x) and qx 

on the A 1967-70 mortality table is given in 
Figure 1.4, the select values commencing at ten-
year intervals. 

 
It will be seen that the large number of 

select mortality tables can be represented by on 
compact select- ultimate table by the choice of 
the radixes l(x) so that the ultimate portion of 
each of the tables is identical. Thus in 
constructing the table l(x),l(x)+1, etc., are 
calculated in the reverse order from the method 
of section 1.4. If r is the select period of the table 
then to find the values commencing at l(x), l(x)+r-1 
would first be found from 

   l(x)+r-1= 
1)( 



rx

rx

p

l   

 
and l(x) +r-2 from 

   l(x)+r-2= 
2)(

1)(





rx

rx

p

l
 

 
and so on. The values of d(x), d(x)+1, … would then 
be found by subtracting the l(x),l(x)+1,etc. 

 
The normal relationships hold between the 

various mortality functions for a select-ultimate 
table, the only difference being that the age 
suffix is expressed in a different way until the 
ultimate  portion   of   the  table   is  reached.  For  



       Life71 /life/Life08 
 233 

 
example, in the above table with a select period 
of two years, the mortality rates experienced in 
the first three years by a life entering the group 
at age x are 
  q(x) = 

)(

)(

x

x

l

d    = 
)(

1)()(

x

xx

l

ll   

  q(x)+1 = 
1)(

1)(





x

x

l

d     = 
1)(

21)( ,



 

x

xx

l

ll  

  qx+2   = 
2

32



 

x

xx

l

ll   

 
For example, for x= 52, the rates of mortality 

subsequently experienced will be (again reducing 
the number of significant figures when reading from 
the tables)  

q(52)  = 
7.188,32

0.078,327.188,32  = . 00344, 

q(52)+1 = =
0.078,32

4.926,310.078,32     .00473 

q54 = =
4.926,31

2.685,314.926,31    .00756 

q55 = =
2.685,31

7.417,312.685,31    .00844 

 
It  will  be  seen that  there  are three 

different rates of mortality for each age, 
depending on duration, for example, at age 52 
the rates of mortality would  be  if  just joined 
group = q(52) = .00344 (as above) if joined group 
one year ago. 

 =q(51)+1=
1)51(

531)51(



 

l

ll  
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    =  
0.282,32

5.143,320.282,32      

     = .00429. 
 
If joined group two or more years ago 
  =q(52) =

52

5352

l

ll   

  = 
6.338,32

5.143,326.338,32   

  = .00603. 
 
It can be seen, as one would expect, that  

the  mortality  rates  are  less  the nearer the life 
is  to  entry,  q(52) being  57%  and q(51)+1 71%of 
q52. 
 

A formula of the type of (1.7.3), (1.7.4) or 
(1.7.6) cannot be used to find u(x) as it would 
introduce meaningless symbols such as d(x)-1. 
Even  the use of an advancing difference 
formula such as (1.7.5) may not give a 
satisfactory answer  because the run of values 
of d(x), etc., cause the formula to converge only 
very slowly. Also during the select period the 
graph of u(x) is likely to be of a different shape 
from the ultimate giving discontinuity in the 
curve at  the end of the select  period- this is 
also apparent from the graph of q(x) and qx in 
Figure 1.4. 
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Example 1.15: 
Write in terms of l’s an expression for 

3l4q(40)+2, if the select period of the table is six 
years. 

 
Solution: 

3l4q(40)+2  = 
2)40(

495)40(



 

l

ll  

 
Example 1.16: 

Find the values of the following using the 
table in the previous section: 

(i) 5p(50),  (ii) 2q(51), (iii)3p(51)+1,  (iv) 1l3q(53) 

 
Solution: 

(i) 5p(50) ==
0.558,32

2.685,31  = 
)50(

55

l

l   .9732, 

 (ii) 2q(51) 
)51(

53)51(

l

ll  =  =
8.383,32

5.143,328.383,32  = .0074, 

 (iii)3p(51)+1= 
1)51(

55

l

l  = 
0.282,32

2.685,31  = .9815, 

 (iv) 1l3q(53)= 
)53(

571)53(

l

ll   = 
9.970,31

8.121,316.850,31 
 = .0228. 

 
Exercise 1.12: 

Find the values of the following using the 
table in the previous section: 
  (i) 4p(50)+1, (ii) 3l2q(50) (iii) 4q(51)+1 
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Exercise 1.13: 

It is required  to  construct a select table 
with  select   period   two  years   to  be  added  
to   the  English Life Table  No. 12-Males  which  
is  to  be  treated  as  the  ultimate table.  If 
q{x}=1/2 qx and q{x}+1 = 2/3 qx +1, find the value of  
l{60}. 
 
 


